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Forward diffraction of Stokes waves by a thin wedge
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The diffraction of a steady Stokes wave train by a thin wedge with vertical walls is
studied when the incident wave is directed along the wedge axis (grazing incidence).
Parabolic approximation applied recently by Mei & Tuck (1980) to linear diffraction
is extended to this nonlinear case. Significant effects of nonlinearity are found numeri-
cally, in particular the sharp forward bending of wave crests near the wedge. The
computed features are found to corroborate the existing experiments only quali-
tatively; the controlling factors in the latter being not completely understood. An
analytical model of stationary shock is proposed to approximate the numerical results
of Mach stems.

1. Introduction

The diffraction of finite-amplitude waves in water is a matter of increasing practical
importance in oceanographic engineering. Large structures for offshore exploration
must be able to withstand the forces due to powerful storm waves. Breakwater en-
trances must also be designed for large waves. Current design practices are mostly
based on model experiments in the laboratory and on theoretical estimates of the
linearized theory. Theoretical developments of diffraction of finite-amplitude waves
are so far scarce. For waves in water of intermediate or great depth, a second-order
theory is available only for a two-dimensional floating body (Lee 1966). For three-
dimensional motions the second-order theory for the simplest geometry of a vertical
circular column was until recently (Molin 1979) controversial (Raman, Jothishankar
& Venkatanarasaiah 1977; Isaacson 1977; Chakrabarti 1978). There exists very little
experimental work which is relevant.

For long waves in shallow water, a very interesting phenomenon was found experi-
mentally by Perroud (1957) and Chen (1961) and reported by Wiegel (19644,b) for
solitary waves incident obliquely on a straight wall. It is observed that, for angles of
incidence less than 45°, the familiar linear picture that the incident and the reflected
wave meet at the wall symmetrically about the normal to the wall, is replaced by a
three-wave-crest system. In particular, there is now a third wave crest (called the
stem) which intersects the wall normally; the incident wave and the stem meet at a
point some distance away from the wall. For incidence angles less than 20° or so, the
reflected crest disappears, leaving only the incident crest and the stem. Because of its
geometrical resemblance to the reflexion of shock waves in gas dynamics (see Lighthill
1949; Whitham 1974) the phenomenon in shallow water waves has also been called
Mach reflexion by Wiegel.

0022 1120/80/4462-1130 $02.00 © 1980 Cambridge University Press

2 FLM 99



34 D.K.P. Yueand C. C. Mei

Similar experiments of oblique incidence of periodic waves in finite water depth has
been performed by Nielsen (1962) and morerecently by Berger & Kohlhase (1976). The
kinematics of the wave crests is much the same as in the case of solitary waves. From
the experiments, the following features are noted. The wave amplitude along the
barrier, i.e. the stem height, increases downwave for a finite distance and then levels
off gradually. At any station, this amplitude increases with angle of incidence. The
width of the stem region, which generally increases with distance along the wall,
increases with decreasing incidence angle and with decreasing water depth. The stem
width appears to be greater for longer incident waves. (This will be discussed later.) It
is important to stress that there is substantial scatter in the experimental data, so that
only general trends and qualitative conelusions can be made. In particular, the depend-
ence on incident wave height is often ambiguous, although selected experiments indi-
cate decreasing relative stem heights and increasing stem widths for higher waves.
Aside from the usual concern for dissipation and errors in measurements, the scattering
of data has been attributed to possible reflexions due to the finite length and width of
the wave flume and diffraction from the far edge of the barrier, although the instability
of Stokes waves may be another source of complication.

In shallow water a theory for the diffraction of solitary waves is now available by
Miles (1977a, b) who applied Whitham’s method of geometrical shock dynamics. For
shallow water and linearized periodic waves at grazing incidence on a slender body,
Mei & Tuck (1980) have recently found it expedient to employ the parabolic approx:-
mation first devised for radio-wave propagation over the earth by Leontovitch (1944)
and Fock (1946, 1965) and now extended to many problems in acoustics (see Tappert
1977, and references therein). In this paper we further extend this approximation to
nonlinear Stokes waves. It will be shown that the nonlinear diffraction of grazing
incidence is governed by a cubie Schridinger equation, a fact that can be anticipated
in light of Mei & Tuck (1980). Numerical solutions are given for a vertical wedge with a
small apex angle. All the computed results are in qualitative agreement with existing
experiments, though precise comparison cannot be made until the scattering of experi-
mental data is better understood. A simplified analytical model treating the region of
Mach stems as one side of a shock is shown to agree surprisingly well with the computa-
tions. We have also obtained further numerical results for a grazing incidence of Stokes
waves on a parabola and an island of finite length, and for the edge diffraction by a thin
semi-infinite breakwater when the incidence is nearly normal. These results are much
less dramatic and hence are not presented here.

Because of the side-band instability of Benjamin & Feir (1967) the time-dependent
diffraction of transient Stokes waves (packets, trains) is likely to be even more import-
ant and interesting and will be the subject of a subsequent paper.

2. The parabolic approximation

We consider the diffraction of a plane Stokes wave (primary wavenumber £k,
amplitude 4,) from x ~ —o0, by a thin long strut of width B, length L (along the z
axis), and in water depth A.

It is assumed from the outset that the body is slender,

B/L <1, (2.1)
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and long compared to the incoming wave,
koL > 1. (2.2)

Assuming inviseid, irrotational flow, the exact equations for the velocity potential
¢ and the free-surface elevation ¢ are

V=0 for —h <z <{(x,yt), (2.3a)

g¢z+¢tt+ [V +3(V4.V) |V =0 on z={(zy.t), (2.30)

¢,=0 on z=—h, (2.3¢)

and ¢t+g€+'2'lv¢lz =0 on z= §(x,?/: t)- (23d)

The gravitational acceleration is designated by g.

2.1. The approxvmate governing equation
To fix ideas, let us recall the salient features of the linearized diffraction of short waves
by along body. Given vertical side walls for the entire sea depth, and linearizing (2.3),
the velocity potential may be factorized as

d(x,y,2,t) = ®(x,y,t) cosh ky(z+h) for —h <z<0, (2.4)
and (2.3a) leads to the Helmholtz equation
D+, +ki®P =0 for —h<z<0. (2.5)

Since the longitudinal axis of the body is in the direction of wave propagation, and
koL > 1and B/L < 1; we expect the backward scattering to be small so that the waves
remain essentially propagating in the forward direction with the amplitude and phase
modulated slowly in z (with the scale of L) and in y.

It is, therefore, reasonable to assume

® = Re (Weikoz), (2.6)
where Y, <k, (2.7)
Substituting (2.6) into (2.5),, we obtain
2iky ¥, +¥,, + ¥, = 0. (2.8)
Clearly 2iky ¥V, /¥, = Ok L) > 1 (2.9)
and the third term in (2.8) may be omitted with a relative error of O(k, L),
2k, ¥V, + ¥, = O(ky L)k, ¥, (2.10)
which implies that the length scale of transverse modulation L, is given by
2—’1;3 ~0(L2) or %— Ok, L)% (2.11)

This is called the parabolic approximation.

Now, for Stokes wave, nonlinearity affects the wave at the leading order through
the phase over a distance of O(k,e2)~1, where ¢ is of the order of the wave slope. In
order that nonlinear modulation and spatial modulation imposed by the body be
equally important, we choose

(koe?)r = O(L) or koL =O0(?). (2.12)

2-2
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It follows from (2.11) that
koL, = O(e?). (2.13)

Returning to the governing equations (2.3), we introduce the small ordering parameter
€ and slow co-ordinates X = e¢%r and Y = ey as suggested by the preceding argument,
and use multiple-scale expansions as follows:

¢ = XeP,(x,X,7,2,0) (2.14)
n=1
and (=3 e, (X, Y1) (2.15)
n=1
. o o .0 o @
— —_ 2 . i
with A I Rar ) & (2.16)

Details of the perturbation analysis are a mixture of Benney & Roskes (1969), Chu
& Mei (1970) and Davey & Stewartson (1974), and an outline is given in the appendix
for the sake of convenience. The result is as follows.

Let the first-order complex amplitude be A [see (A 11), (A 12)]; then the governing
equation for 4 is

24 1 0?4
o2V E LR A12A =
5% aY2+2K |4]24 =0, (2.17)
C, cosh 4g +8—2tanh%q
h ! = 3—-—0— = 2.
where K' =k T Ssinhig , g=kyh, (2.184q)
C, = w/k, (2.18b)
ow w ginh 2
and Chpo = .3%(-) = Fosinb 2q( 5 q q), (2.18¢)

Equation (2.17) is formally identical to the well-known cubic Schrodinger equation
encountered in the study of unidirectional nonlinear evolution of dispersive waves
(Zakharov & Shabat 1972), where X would take the role of time and Y the distancein
the co-ordinate system travelling at group velocity. Although K’ can take on different
signs in general (Karpman 1975), in the present context it is always positive as defined
by (2.18a), which corresponds to nonlinear dispersive waves without self-focusing or
transverse side-band instability. We now turn to the boundary and initial conditions
for (2.17).

2.2. Boundary and initial conditions

Let the body be symmetric about x axis and the walls be vertical throughout the sea

depth and given by
yp=0 for <0,

¥=tys), {yB >0 for z>0. (2.19)

In the stretched co-ordinates, the body boundary is at
Y = + ¢k BYp(X), (2.20a)
where we have let yp = (ke B)Yp (2.200)

with ko Yy = O(1). (2.20¢)
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Considering the upper (y > 0) half of the symmetric problem, the boundary condition
on the body is

D
—(yB_y) = ¢mme—¢y =0 (2.21(1)
" on Y=y (2.21b)
or ¢1/ = ¢:¢me '
Using (2.20), (2.215) becomes in normalized variables
epy = [( 0 + €2 6?() ¢]62k’0BY33(X) on Y = ek, BYgz(X) (2.22)

and, substituting in the expression for ¢ from (A 11), we obtain

g cosh @ w
e[ 2wcoshq( Ay €V + %)+ Py +O(e)]

= {— geosh@ [i(Gkg AW + ] + 0(6); €X(kyB) Y3(X) on Y = ekyBYg(X).
2w coshgq
(2.23)
We now equate the first harmonic terms in (2.23) so that, to leading order,
o4
37 = thy Aeky BY'5(X) on Y = e¢kyBYg(X). (2.24)
We now have two possibilities for the body width compared to wavelength.
(i) Thin strut: k, B = 1, and (2.24) becomes
04/0Y = ¢ikyAYH(X) on Y =Yy, (2.25)

so that the body only affects the waves at O(¢).

(ii) Moderately thin strut: k, B = ¢~1. Note that, in this case, B/L ~ O(¢) and the
body is still thin compared to length. The boundary condition (2.24) now affects A at
the leading order and becomes

0A/0Y = tkyAYR(X) on Y = YuX), (2.26)

which must be applied exactly on the body.

We shall henceforth concentrate on the moderately thin strut and consider (i) as
only a special case of (ii).

Far away from the body, at large Y, we expect no transverse variations, and the

boundary condition is
0A4/0Y +0, Yoo, (2.27a)

or using (2.17), A A e HEGQX ¥ 5on, (2.278)

which is simply the undisturbed uniform Stokes wave. The appropriate initial con-
dition just ahead of the body is
A=A4, X=0. (2.28)

We further introduce the non-dimensional variables

A=A4/4y, X =k X =chyr, T =ky ¥ =ekyy, Ty=kYs (2.2)
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Figure 1. Plot of ® vs. kg k.

The normalized initial boundary-value problem may be stated as follows:

04 .24 .. -, = = = e =
2é§—za—l_72+zK[A|2A=0 for Y > Yg(X), X >0,

A=1, on X=0,
% VX)) A, on T =T,X),

24 Lo or A->eHEX a3 Y->o0.
oY
The parameter K is now given by
K = (ko Ay/€)?*O(ko h)

Gy cosh4kyh+8—2tanh?kyh

with Olkoh) = Cpo 8sinhtk, A

(2.30a)
(2.30d)

(2.30¢)

(2.30d)

(2.31)

(2.32)

Figure 1is a plot of ® against k, k. Note that @ approaches 2 for k, 2 — oo but grows as

(ko k)2 for kyk— 0 in shallow water.

Equation (2.30) must now be solved for the first-order wave envelope A(X, Y).

2.3. Method of numerical solution

Since the boundary condition (2.30¢) is applied on the body surface, analytic solu-
tion to the nonlinear equation is difficult and one must in general integrate (2.30a)

numerically.

The numerical computation marches forward in X. The range of Y, Yp(X) < ¥ < Y.,
is chosen to be sufficiently large so that further increase of Y, produces no significant

changes in the solution.
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Equation (2.30d) is replaced by
04 /2Y =0
or A = e HEX

(2.33a)

} on Y=Y,
(2.33b)

For (2.30a), we employ an implicit scheme of Crank-Nicholson type for integration
in X, and centred second-order differencing in Y :
AX It A -2 Ayt 4 Ay

2A;”+1 = 2A;L+T ING

—iK|Jg+l|22;%+l)

n _odny An _ _ _ _
+ (i fr1 z“;_j2+AJ—1_iK|An‘zAn)] +O(AXS,AT?), (2.34a)
where
24"+ = 247+ AX (i A’H‘Z{;;:Af—l — iK|£1‘n|22n) +O0(AX2,AY?), (2.34b)
47 ~ AmAX,jAY), (2.34c¢)
n=1,2,..,N, (2.344d)
Y;(nAX) = jRAY,
j—isrtnve.,.. J—1, [ ® _ 2.34¢
J=J+LJp+ {Yw _ JAT. ( )
For j = j%, (2.34a) is modified by boundary condition (2.30¢),
‘ﬂn“—_—gf"—l—'? AX) AT+ O(AY )2, m = 1 2.35
AT = 1Y p(mAX) A7+ OAY ), m = n,n+ (2.35)
and, of course, for j = J, (2.33b) gives
A" = e HEmAX | g = n+ 1, (2.36)

Equation (2.34a), which has a global truncation error of (A X2, AY ), is well known to be
unconditionally stable for the linear problem, and is found to be stable for reasonable
choices of AX and AY in the fully nonlinear case. From equation (2.30) a conservation
law may be derived,

o [ S
- A2dY = o, 2.37
oX ffs(f)‘ ‘ ( )
which reduces to _
Yo . _ — — —
f_ _|4]2dY =Y,-Y3(0) =1, (2.38)
Y(X)

for a finite region. Equation (2.38) is used as a measure of the total error due to dis-
cretization, round-off, and truncation of Y,,; and is satisfied to within a few per cent for
all computed cases.

3. Numerical results for grazing incidence on a thin wedge

For a train of Stokes waves incident along the axis of a vertical wedge of small half-
angle a (i.e. y5 = xtan a), we define the width-to-length ratio ¢ = tan a, so that

Y, X)=X (3.1)
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Figure 2. Magnitude squared of the envelope at the wall: |4(X, ¥ = X; K)|3,
for different values of K.

and equations (2.51a), (2.51¢) become
T e
23A .0%4 .

a—X—za—Y—z+zK|A|2A =0 for Y >X>0, (3.2a)
-2;;7= i4 on Y =2X. (3.2b)

The governing equations now contain a single parameter K given by (2.31), which
depends only on the incident wave characteristics and the wedge angle. In particular,

for deep water (k,h—o0) K ~ 2(k, Ay /6), (3.3)

which is simply twice the square of the wave steepness relative to wedge thickness.
Equations (3.2), (2.305) and (2.33b) are solved numerically for a range of K and for
0 <X <8and Y, = 100.
Figure 2 shows a plot of | 4|2 along the wedge (on ¥ = X) for the different K values.
For K = 0 (the linear case), an analytic solution can be directly obtained, with

[AX,Y = X)|2 = [1+erf(—3iX)}}?, (3.4)
which oscillates about 4 and approaches it as 1/X for X > 1. Equation (3.4) is indis-
tinguishable from the computed K = 0 curve in figure 2. Note in figure 2 that, in con-
trast to the linear case, the amplitude along the wedge for K > 0 grows for a short

distance, then flattens out to a constant value. This value decreases with increasing
K and we define for further reference

E (K)=|A(X =8,Y = X; K)|2. (3.5)
Noting the dependence of K on wave steepness and wedge slope, the qualitative fea-

tures of figure 2 for the wave height along the wall are in agreement with earlier experi-
mental observations.
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For a global picture of the wave envelope, we display its magnitude squared,
|4(X, Y)|? (which is also proportional to the second-order mean set-down), in three-
dimensional plots for K = 0, 2, 6 (see figure 3 (a, b, ¢)), where the wedge isgivenaheight
of 5 (note that | 4|2 = 1 at X = 0) to provide a visual reference. The linear case (K = 0)
is presented here for comparison.

For the nonlinear cases (K > 0), the overall amplitudes are much smaller than the
linear case (decreasing as K increases), and there is a clearly defined region along the
wall within which |42 has a nearly constant value (~ E_(K)). The width of this flat
region appears to increase linearly with X, at an angle which increases with K. Qutside
of this region, the envelope undulates in a way qualitatively similar to that observed
for the linear case. A more quantitative picture of these features can be obtained by
studying successive cross-sections of |A(X = X,,Y)|?, and defining (rather arbi-
trarily) a width ¥ = M(X; K) corresponding to the edge of the flat region. Figures
4 (a,b,c) show some examples for K = 0, 2, 6 at X, = 4 and 8. The increasing width
with K and X is evident. We summarize the results for M(X, K) in figure 5, where the
points are from the computed results, and the straight lines their least-square linear
fit. We see that the linear correlations are excellent, suggesting an empirical relationship

of the form - -
MX;K)y=p(K)X. (3.6)

The values £ for different K are shown in table 1. We shall return to the dependence
P(K) later.
For more physical information, we computed the first-order instantaneous free

surface elevation _
Gk, by, t = 0) = Re {A(e%qy 2, ekyy) etho 2}, (3.7)

using the fact that X = e2k,2 and ¥ = ek, y. Note that, for the same k,, the incoming
Stokes wave has a longer wavelength for increasing nonlinearity given by the asymp-
totic behaviour 4 > e~#EX a5 ¥ - 0. Here we display three-dimensional and contour
plots of {;, but this time in uniformly scaled k2 and &,y co-ordinates, so that all
physical angles are undistorted (see figures 6 and 7). The parameterchosenisfor K = 0,
1, 2, and for wedge slopes corresponding to ¢2 = 0-1 and 0-15 (half apex angles of
o ~ 17-55° and 21-17° respectively). We caution that these values of K and €2 are
selected here to accentuate the important features, and may correspond to steeper
waves than the theory permits. In particular, for the steepest case presented: K = 2,
€2 = 0-15, the wave slope would be k, 4, ~ 0-387 for k4 ~ oo, which is near breaking.

From these figures we note that, for K = 0,the wave crests areratherstraightexcept
very near the wedge. The picture for the nonlinear cases becomes dramatically differ-
ent. Here the waves are in general smaller (decreasing for larger K), and the equal
phase lines are noticeably bent forward to somewhat beyond 90° along the wedge,
forming stems with near-horizontal crest lines. The width of these stems grows linearly
with distance so that they all remain inside another wedge whose apex angle increases
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Ficurk 4. Cross-sections of |A(X;, ¥)[* at (i) X; =4 and (i) X, =8 (X < ¥ < 50) for
(@) K = 0, (b) K = 2, and (c) K = 6. (Note that the curves start at the wall of the wedge given
by ¥ = X,.)
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Fioure 5. Width of the Mach stem region M(X; K). +, the edge of the flat region;
, linear best fit by least square.

with K (and €%). By comparing the slope of these regions with those found earlier in
figure 5, the correspondence is evident, and clearly they also define the boundary of the
Mach stems. We have thus shown that the numerical-empirical formula (3.7) for M
governs the width and rate of growth of the Mach stems. Indeed, if we interpret the
change of wavelength, incidence angle, water depth and incident wave height in terms
of K, the qualitative conclusions of Nielsen (1962) and Berger & Kohlhase (1976)for the
stem width are again confirmed by (3.7) and figure 7. In particular, for those experi-
ments with fixed 4,/k and varying wavelengths, K increases as (k, »)~2 for small k, 4;
thus the slope # can increase with wavelength, as mentioned in the introduction.

4. Approximating the Mach-stem phenomenon by a shock

The computed features associated with the Mach stems are so systematic that some
analytical examinations are called for. The sharp bending of wave crests and the near-
horizontal plateau of | 4|2 inside a triangular stem region suggest that the region may
be modelled as one side of a straight shock joining two discontinuous constant states.
The undulatory variations outside clearly cannot be characterized as a constant region.
Nevertheless let us ignore these undulations and examine whether a simple shock
model will be able to predict the region of Mach stems. First, we rewrite (3.2a) by
letting _

A =ae¥, (4.1)

where a, i are real. Substituting (4.1) into (3.2a) and equating real and imaginary
terms respectively, we obtain

20z + 207 Yr+ayry = (4.2)
and 20z —ap7+ayiy + Ka® = 0, (4.3)
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Q (a)

‘\/‘\ — e ——

y,t = 0) for (i) €2 = 0:1 (¢ =~ 17-55°) and (ii)
€ = 0:15 (@ ~ 21-17°); and for (a) K = 0, (b) K = 1, (¢) K = 2 in uniformly scaled %, z, &,y co-
ordinates. The region shownisfor 0 < X < 6,X < ¥ < 18 corresponding to 0 < k, x < (60, 40),
kox < kyy < (56-92, 46-48) for €2 = (0-1, 0-15). All vertical scales are the same and the body is
given a height of 0.
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Figure 7. Contour plots of &,(k, z, ko y, t = 0) for (i) €2 = 0-1 (@ ~ 17-55°), and (ii) €2 = 0-15
(@ >~ 21-17°); and for (@) K = 0, (b)) K = 1, (¢c) K = 2 in uniformly scaled k, z, k, ¥ co-ordinates.
The contour increment is 0-2. The direction of —.—.— is defined by (4.28).
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which can be manipulated to give the conservation equations

Exz+(EW)y=0 (4.4)

., 0[] apy, W2 KE| _
and WX+37[——§; +T+T =0, (4.5)
where E=a? W=yyp. (4.6), (4.7)

Equations (4.4) and (4.5) resemble the conservation equations of Chu & Mei (1970) for
time-evolving Stokes waves where it is known that omission of the term agyy leads to
shocks (Whitham 1967). The transformation between (3.2a) and (4.4)—(4.5) is essen-
tially the same as Davey (1972).

We now ignore ay7 and assume that there is a line of discontinuity along ¥ = £X,
and that E, W have constant values on either side of this line. It is well known that for
a conservation equation

x5 =" (4.8)
the shock condition is LLP] = [@], (4.9)
where [P]=P, —P, [Q]1=Q,—@Q_ (4.10a,b)
and P. = P(Y 2 BX), ete. (4.10¢)
Thus from (4.4) and (4.5) (neglecting the ap 7 term) we have
BE —-E )=E W —-E_W, (4.11)
BV, —W.) = Y(W% — W2) + }K (B, —E.). (4.12)
We now use the known asymptotic values
E,=EB(Y ~+w) =1, (4.18)
W, =¢#(¥ ~ +00) = 0. (4.14)
Furthermore on the wall the boundary condition
% =t4 on Y =X (4.15)
implies that W=y¢yy=1 on Y =2X. (4.16)
Consistent with the shock assumption we take
W.=1 for X <7Y <pX. (4.17)
Entering (4.13), (4.14) and (4.17) in (4.11) and (4.12), we obtain
PU—E)=—-F_, (4.18)
—ﬂ=—%+§(1—E’_). (4.19)

It follows after eliminating # that

1 -
E_ =2 [2K+1+ (8K +1)}], (4.20)
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F1aure 8. Comparison of numerical values for the slope of the Mach-stem region S(K) (%) and the
amplitude squared along the wall E_(K) (A) with that predicted by shock theory (——).

-where the positive sign has been chosen for the radical so that E_ is always positive.
The shock slope is then

B = gy =43+ BK+ 1), (4.21)

using (4.20). Knowing K from the characteristics of the incident waves and the wedge
angle, the squared amplitude inside the Mach-stem region as well as the slope of the
stem boundary are thus given theoretically by (4.20) and (4.21). These are compared
with the results from the numerical experiments in figure 8. The agreement is sur-
prisingly good, despite the gross simplification of the diffraction region outside the
Mach stems.

Finally, let us derive theoretically the angle of bending of the free surface crests
across the shock. Integrating (4.17) with respect to Y, we get

v_=Y+fX), BX>7 > X. (4.22)
On Y = BX, we require _ = ¢, so that
Y_|vopx = PX+f(X) = ¥, |7_px = V|70 = - 3KX, (4.23)
using the boundary condition. Hence,
f(X)=—-3KX-pX. (4.24)

Now the free surface displacement is
Ly, kyy) = Re (A etko®) = g cos (¥ + ky 2), (4.25)
s0 that {_ =a_cos[(kyx)(1—3e2K —€28) +e(kyy)]. (4.26)
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0 5° 10° 15° 20° 25°

F1aure 9. Plot of §(a; K), the forward inclination of the Mach stems relative to the
normal, as predicted by shock theory.

If we denote by @ the angle through which the crests bend across the shock, we have

€ €
tand = = > € (4.27)
L) P 3 21

on using (4.21) for g.

To the leading order tan 6 ~ ¢ = tan«, so that the Mach stems are approximately
orthogonal to the wall. To assess the small effect of K, we define the angle away from
the normal by ¢ = 6 —«, then

3
63[1;+3+(81(+1)]

tand = tan (f —a) = X GETDI=I] (4.28)
e g+

which is an O(e)® quantity; ¢ is plotted as a function of « and K in figure 9. To compare
with computed results, the directions of the stem given by (4.28) are added as broken
lines (.—.~-) in the contours of ¢, in figure 7. The agreement is again satisfactory.

Despite these agreements, it should be stressed that other conservation equations
may be derived from (4.4) and (4.5), implying that a different pair of shock conditions
may be used. Whether the present pair is the most appropriate is by no means clear.
Because of the recognized shortcomings on one side of the shock, this ambiguity does
not seem worth pursuing any further.

We are grateful for the support by the Fluid Mechanics programs of the U.S.
National Science Foundation (ENG 77-17817), and of the U.S. Office of Naval Re-
search (NR 062-228).
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Appendix. Outline of derivation of the approximate equations

Substituting (2.14)-(2.16) into (2.3) and expanding in Taylor series about z = 0, we
obtain a sequence of perturbation problems

22 o2 )
(550—24-3—:42) ¢.=F, for —h<z2<0, (A1)
0, % @ A2
g%"'w ¢-n. =G, on z=0, ( )
On _ - _
¥ i 0 on z=—h (A 3)
and —-g9t,=H, on z=0, (Ad4)

where F,, G,, H, are given by lower-order terms. Finally, we introduce the Fourier
expansions
n
(Dns F> Cns GoH)= X elm¢(¢mm VN - Gonns i) (A 5)
Mm=—-n
where ( )_, 7» ( ), » aT€ cOmplex conjugates so that the variables on the left-hand side
remain real, and

¥ = kyx—ot, (A 6)
©? = kygtanh kyh. (A7)

Note that ¢,,,, F,., are now complex functions of (X, Y, 2), and ., G, Hy,,, that of
X, Y) only. If we substitute (A 5) into (A 1)-(A 3) and use (A 4), we obtain at each m
and n a boundary-value problem in z:

2
(%E—mzkﬁ)¢mn=an for —h <2<0, (A 8a)
4 22
g—a_é—mw)sbmn:Gmn on z=0, (A 8b)
7
7 Pmn =0 on z=—h (A 8¢)

At any n, non-trivial homogeneous solutions to the above boundary-value problem
will only exist for m = 0 and m = + 1, in which case F,, and G,,,, must satisfy solva-
bility conditions to avoid secularity. In particular we require

0
gaoﬁf Rz for m=0 (A9)
—h

1 0 cosh ky(z+ h) |
z = bkl A\ = . 10
and 7 £ j_th" cosh B R dz for m==+1 (A 10)
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The wave field to second order is found to be

_ [, _geosh@ . o[ gy — Z0BQ iy
¢_€[¢01 2a)coshq(er +*):|+€ ¢02_2wCOShq(ZBe +%)
2Q . ;
s, @y
. - L k
= i 2 W) — 5 |4
$=e[HAe¥+x)]+e [%‘(Be +x) .‘zsinh.‘quAl
2
+Icocoshg;2[f}(:3s;1 g+ 1)(A2e2i¢r+*)], (A 12)f

where * denotes the complex conjugate of the preceding term,

and @qy;, dos, 4, B are complex functions of the slow variables (X, Y) only. In par-
ticular, at third order, solvability condition (A 10) gives equation (2.17), after sim-
plification.

REFERENCES

BensaMIN, T. B. & FEIr, J. E. 1967 The disintegration of wave trains on deep water. Part 1.
Theory. J. Fluid Mech. 27, 417-430.

BERGER, U, & KoHLHASE, 8. 1976 Mach reflection as a diffraction problem. Proc. 15th Conf.
Coastal Engng.

BeNNEY, D. J. & RoskEs, G. J. 1969 Wave instabilities. Stud. Appl. Math. 48, 377-385.

CHAXRABARTI, S. K. 1978 Comments on second-order wave effects on large diameter vertical
cylinder. J. Ship. Res. 22, 266-268.

CuEx, T.C. 1961 Experimental study on the solitary wave reflection along a straight sloped
wall at oblique angle of incidence. U.S. Beach Erosion Board Tech. Memo. 124.

Cuu, V. H. & ME1, C. C. 1970 On slowly varying Stokes waves. J. Fluid Mech. 41, 873-887.

Davey, A. 1972 The propaga.tjon of a weak nonlinear wave. J. Fluid Mech. 53, 769-781.

DaAvVEY, A. & STEwWARTSON, K. 1974 On three-dimensional packets of surface waves. Proc. Eoy.
Soc. A 338, 101-110.

Fock, V. A. 1946 The field of a plane wave near the surface of a conducting body. J. Phys.
U.S.8.R. 10, 399-409.

Fock, V. A. 1960 Electromagnetic Diffraction and Propagation Problems. New York: Macmillan.

Isaacson, M. STQ. 1977 Nonlinear wave forces on large offshore structures. J. Waterways,
Port, Coastal and Ocean Diw., A.S.C.E. 101, 166-170.

Kareman, V. I. 1975 Nonlinear Waves in Dispersive Media. Pergamon.

Lee, C. M. 1966 The second-order theory of cylinders oscillating vertically in a free surface.
Dissertation, University of California, Berkeley.

LeoNTovicH, M. A. 1944 A method of solution of problems of electromagnetic wave propaga-
tion along the earth’s surface. Izv. Akad. Nauk S.S.S.R. 8, 16-22 (in Russian).

LrearaiLr, M. J. 1949 The diffraction of blast. I. Proc. Roy. Soc. A 198, 454-470.

Mg, C. C. & Tuck, E. O. 1980 Forward scattering by long thin bodies. SIAM J. Appl. Math.
(to appear).

Mires, J. W. 1977a Resonantly interacting solitary waves. J. Fluid Mech. 79, 171-179.

t By carrying out the perturbation analysis to the fourth order, it can be shown that both ¢y,
and B will vanish (assuming that they are absent in the incident wave) and, in fact, 4 determines
the entire wave field to O(e?).



52 D.K.P. Yueand C. C. Mes

MiLgs, J. W. 1977b Diffraction of solitary waves. Z. angew. Math. Phys. 28, 889-902.

Mowuin, B. 1979 Second-order diffraction loads upon three-dimensional bodies. Appl. Ocean
Res. (to appear).

NieELSEN, A. H. 1962 Diffraction of periodic waves along a vertical breakwater for small angles
of incidence. Univ. of California, Berkeley, IER Tech. Rep. HEL-1-2,

PerrouD, P. H. 1957 The solitary wave reflection along a straight vertical wall at oblique
incidence. Unw. of California, Berkeley, IER Tech. Rep. 99-3.

RAMAN, J., JOTHISHANKAR, N. & VENKATANARASAIAH, P, 1977 Nonlinear wave interaction with
vertical cylinders of large diameter. J. Ship Res. 21, 120-124.

TarppErT, F. 1977 The parabolic approximation method. In Wave Propagation and Underwater
Acoustics (ed. J. B. Keller & J. S. Papadakis), Lecture notes in Physics, vol. 70, pp. 224-287.
Springer.

WartHAM, G. B. 1967 Variational methods and applications to water waves. Proc. Roy. Soc.
A 299, 6-25.

WarTHAM, G. B. 1974 Linear and Nonlinear Waves. Wiley-Interscience.

WiecGeL, R. L. 1964a Oceanographical Engineering. Prentice-Hall.

WieGeL, R. L. 1964b Water wave equivalent of Mach-reflection. Proc. 9th Conf. Coastal Engng
A.8.C.E., vol. 6, pp. 82-102.

ZAxkaAROV, V. E. & SHABAT, A. B. 1972 Exact theory of two-dimensional self-focusing and
one-dimensional self-modulation of waves in nonlinear media. Sov. Phys., J. Exp. Theor.
Phys. 34, 62-69.





